Introduction
Research in solid oxide fuel cell ͑SOFC͒ is gaining momentum because of its distinct advantages over other energy conversion methods. It has the distinct advantages of high energy conversion efficiency, low environmental impact, and flexibility of usable fuel type. The high operating temperature ͑Ͼ800°C͒ allows the direct reformation of the natural gas. The hydrogen is electrochemically converted producing electrical power and high quality by-product heat for cogeneration or other cycle. So far, a 47% net SOFC electrical efficiency has been achieved as demonstrated in Ref. ͓1͔ . Furthermore, the integration of a pressurized SOFC stack lends itself to the possibility of hybrid power generation, where the stack gases can be used to operate a gas turbine. One such power system in operation today ͑Siemens-Westinghouse Power Corporation͒ achieves an efficiency of 55% ͓2͔. It is apparent that the SOFC has the potential to play a significant role in the electric utility.
Several models, with different levels of detailed description, have been developed and tested in the past couple of years to study the design and operating conditions of SOFC stack. Most models, however, are steady state models ͓3,4͔ and can validly work for only the specific operating points. Padulles et al. ͓5͔ developed a SOFC model with species dynamic, but temperature and heat transfer dynamics were not considered in their model. A dynamic transient SOFC model has been developed by Sedghisigarchi ͓6͔; however, their model is based on lumped capacitance model where the spatial distributions of temperature, current density, and species concentration are not investigated.
In this paper, a one-dimensional dynamic model of a tubular SOFC with internal reforming, complying with the discussed characteristics and capable of system integration, is presented. This model, based on the electrical quantities, chemical reaction equilibrium, and energy balance, can predict the SOFC characteristics at the steady states and also at transient operating states. The accuracy and reliability of the model are demonstrated by comparisons with experimental data from the literature. Furthermore, the temperature, current density, and gas concentration distribution along the axial length of the cell are individually analyzed. The distinctive feature of the current model is that the model takes into consideration the variation of variables in the axial direction. As a result, it can predict the cell performance more accurately. In addition, the simulation developed from the model is dynamic in nature. As a result, this can be used for performance evaluation and design optimization of the cell under variable operating conditions and geometric conditions, respectively ͓7͔. To the best of the knowledge of the authors, such a model is the first of its kind.
The virtual test bed ͑VTB͒, a software developed at the University of South Carolina, provides an effective computational environment to simulate the dynamic performance of the SOFC stack ͓8,9͔. The nonlinear model equations based on electrochemical and thermodynamics are discretized in resistive companion ͑RC͒ form for effective implementation in the VTB platform. The detailed RC model formulation is presented in Sec. 3. Details of the capabilities of VTB can be found elsewhere in Ref.
͓10͔.
The remainder of this paper is organized as follows. The SOFC model description is presented in Sec. 2. The RC model formulation is derived in Sec. 3. The simulation results, distribution analysis, and discussion of dynamic behavior under the variable load condition are presented in Sec. 4. Conclusions are made in Sec. 5.
SOFC Model Description
The proposed model employs the internal reforming mechanism. In this study, a one-dimensional transient model of the tubular SOFC stack is developed, and then the model is programed into a dynamic simulation mode in VTB. This model focuses on the electrochemical processes and the associated thermodynamic aspects of the cell operation. Given that all the cells are identical, the performance of the fuel cell is evaluated. Figure 1 shows the SOFC stack model icon, where all the cells are enveloped into a single model icon. The simulation software allows the users to easily connect this model into a larger system with all the features of the SOFC included in this model. The model icon comprises an air inlet port, a fuel inlet port, an outlet port, and an electrical power output port. Fuel cell parameters employed for the present study are shown in For the single cell, the cell geometry is discretized by the finite volume method in which all the governing equations, i.e., electrochemical reaction and mass conservation and energy conservation equations, are solved for each element. The detailed description of the finite volume method is presented in Sec. 2.3.
Assumptions.
The following assumptions are made in developing the model:
1. One-dimensional behavior along the stream direction. 2. All exterior walls are adiabatic. There is no heat exchange between cells. 3. Gas distribution among cells is uniform. There is no variation of the gas distribution among cell. 4. No gas phase reactions occur. 5. No gases leak outside the system. 6. All gases are assumed to obey ideal gas behavior. Figure 2 illustrates the configuration of a single tubular cell. Hydrogen diffuses through the anode and reacts with oxygen ions. In the cathode, oxygen diffuses through the electrode and the free electrons are absorbed.
Cell Electrochemical Modeling.
The electrolyte can conduct oxygen ions at temperatures above 800°C. The anode of one cell is connected to the cathode of the next via the interconnect. 
The reforming reaction is a highly endothermic reaction. The conversion rate ẋ is assumed to be controlled by a conversion rate per unit area of the cell, which is named ṙ CH 4 given by Achenbach ͓11͔,
where k is the preexponential factor with a value of 4274, E is the activation energy of 82 kJ/ mol, and p CH 4 is the partial pressure of methane.
Under the assumption that shifting reaction is always in equilibrium, the equilibrium constants can be calculated from the partial pressure of the reactants and products 
͑12͒
The equilibrium constant for the shifting processes is temperature dependent and can also be expressed as a polynomial equation ͓12͔
where the coefficients' values for Eq. ͑13͒ are listed in Table 2 . Hydrogen conversion rate is directly related to the current by Faraday's law
The fuel utilization coefficient U f is given by
The cell electrical power is calculated as the product of cell current and the cell electrode voltage. The voltage evaluation is carried out based on the knowledge of the cell potential from the Nernst equation
where p terms are the partial pressures of reacting species, R is the universal gas constant, and F is Faraday constant. The change of Gibbs free energy ⌬G°is the function of temperature and can be described as a polynomial equation. The coefficients a, b, and c are taken from Reid ͓13͔
The Nernst potential is reduced due to the following irreversible losses:
1. concentration loss conc ͑in volts͒ 2. activation loss act ͑in volts͒ 3. Ohmic resistance loss Ohm ͑in volts͒ Therefore, the actual voltage can be expressed as
The concentration loss is calculated as follows ͓14,12͔:
where i is the cell current, i L is the limiting current ͑a variable which is a function of pressure͒, and n is the number of electrons participating in the reaction. ͑2͒ The activation loss occurs when the rate of electrochemical reaction at an electrode surface is controlled by sluggish electrode kinetics ͓15,16͔, which is shown as follows:
where ␣ is the electron transfer coefficient of the reaction at the electrode and i 0 is the exchange current density, which is a function of stack temperature. ͑3͒ Ohmic resistance can be evaluated using Ohm equation
The Ohmic resistance losscan be expressed as
2.3 Thermal Modeling. Figure 3 shows the schematic configuration of a single tubular fuel cell with discretized axial elements used for heat transfer calculations. The heat released from chemical reaction and electrical resistance loss is absorbed by the solid part, where it is further transferred to the fuel and air steam. The air entering from the air feed tube is preheated by the air in reaction. For the thermal model, the following assumptions are made.
1. Heat release and absorption arising from reforming, shifting, electrochemical reactions, and electrical resistance occur within the solid part of each cell. 2. Heat transfer between solid part and gas steams occurs by convection heat transfer. Radiation heat transfer between solid part and gas steams is not considered here. This is because the radiation exchange between the gas and solid was found to be negligible compared to the convective transport. 3. The axial conduction heat transfer between nodes is neglected. 4. The cell voltage at each element is equivalent.
As seen in Fig. 3 , the cell is divided into elements along the flow direction. The temperature gradient of gas steams in the flow direction is assumed to depend only on the convection heat transfer between the channel walls and gas stream. For each element, 
where Q gen is the total internal heat generation, Q f and Q ar are convection heat transfers to fuel and reaction air, respectively, and W is the electrical power produced by the SOFC stack. The total heat generation Q gen accounting for the reactions ͑shifting, reforming, and electrochemical͒ and resistance to current is given by
The electrical power is calculated as the product of current and voltage
The convection heat transfers Q f and Q ar can be calculated by
The heat transfer coefficients ␣ f and ␣ ar are given by the Nusselt expression
where Nusselt number is set to 4 according to Rokni and Yuan ͓18͔, k c is the conductivity of the gas, and D h is the hydraulic diameter.
The validity of the numerical scheme used for calculating instantaneous temperature in the gas control volume is based on a small simulation time step. Under a small simulation time step ͑0.0001 s͒, the originally simultaneous process of the flow of the stream flowing and the transfer of heat can be assumed to be two separate processes, one preceding the other.
͑1͒ First, stream flows along the axial direction, as seen in Fig.  5 , at a given time step, some gas flows into the control volume while an amount of gas flows out into the next element. By assuming that each of the control volume is well mixed ͑this is a valid assumption for small control volume͒, we can now calculate an average temperature using an energy balance. The resulting conservation of energy equation is given by
where T in , T ori and T ave are temperatures of entering steam, exiting steam, and the well mixed control volume, respectively. ṅ is the molar flow rate, ⌬t is the simulation time step, and m is the molar number of control volume. ͑2͒ Heat transfer occurs after mixing. The energy equations for gas control volumes can be calculated by
The SOFC stack efficiency is given by Eq. ͑35͒, where W is the electric power. LHV is the lower heating value of inlet fuel. 
RC Model Formulation
The resistive-companion method ͓8,10͔ provides a way to account for natural conservation laws by defining a pair of across and through variables at each terminal. The device object interacts with the VTB network solver by providing the device conductance matrix and the history vector at each simulation time steps, so that the solution to the entire circuit can be sought by the solver based on the mathematically equivalent nodal circuit analysis. The solver requires that the relations of the terminal variables for each device be written in the following standard form.
where I͑t͒ is the through variable vector, V͑t͒ is the across variable vector, G is the conductance matrix, B͑t − h͒ is the history vector of the device, and h is the simulation time step. Notice that although the term "conductance matrix," inherited from electric network analysis, is used, the terminal variables are more generally across and through variables, not necessarily voltage and current.
As shown in Fig. 1 , the SOFC stack interacts with the external world through its four terminals: an air inlet port, a fuel inlet port, an outlet port, and an electrical power output port. The first three ports are fluid-type terminal where the mass flow rate ṁ is a through variable and pressure p is an across variable, by which fuel and air are inputted and exhaust gases is outputted. The electrical power output port is electrical-type terminal where current I is a through variable and voltage V is an across variable, by which the electrical power produced by SOFC is outputted to the load. Transactions of the ASME 
Result Analysis
The SOFC model has been implemented in VTB, an effective computational environment for dynamic simulation, where user can easily connect models into a system and define desirable parameters. This SOFC model is connected to a resistance load. The input air and fuel flows are assumed to be constant. The detailed operating data of the simulation are given in Table 3 .
The analysis is organized into four subsections including the comparisons between VTB simulation results and experimental data; the electrochemical characteristic of SOFC under different stack temperatures; the distribution of temperature, current density, heat flow, and component concentration; and the dynamic behavior of SOFC. Figures 6͑a͒ and 6͑b͒ show the comparisons between simulation results and experimental data for I-V characteristics curve. The stack temperature T stack is the average temperature along the cell, which is kept constant by adjusting the fuel and air mass flow rates.
Validation.
Two cases are considered here for the comparisons with the operating parameters kept constant, as listed in Table 4 . The only difference between the two cases lies in the pressure, 1 bar for the first case while 10 bars for the second case. The experimental data for Cases I and II are taken from Ref.
͓19͔.
As revealed from the figures, the second case yields a better performance in terms of voltage because a higher pressure results in an increased Nernst potential.
The comparisons above show that the agreement between VTB simulation results and experimental data is very good ͑within Ϯ1.5%͒, with VTB slightly underestimating the SOFC I-V characteristics. Figures 7 and 8 show the SOFC voltage and power density characteristics under various average operating temperatures. The set of operating parameters is fuel: 17.07% CH 4 , 21.95% H 2 , 53.66% H 2 O, 7.32% CO; oxidant: 21% O 2 , 79% N 2 ; pressure 5 bars. It should be pointed out that all the following analysis is based on this set of parameters unless specifically mentioned. Figure 7 presents cell voltage versus current density characteristics obtained from simulation at stack temperatures of 1073 K, 1173 K, and 1273 K. It is apparent that operating under higher temperature leads to a better performance in terms of cell voltage. Although Nernst potential decreases due to a higher temperature, this effect appears to be completely overcome by a reduction of irreversible losses. When increasing the current density, the difference among the cell voltage for different temperatures becomes larger, which is caused by an increase in irreversible losses at a growing speed as the current density goes up. Figure 8 presents power density versus current density characteristics obtained from simulation under different temperatures. Given a specific current density, as shown in Fig. 8 , a higher temperature yields a higher power density. The initial increase in power density is caused by the fact that the decrease in cell voltage could be overcome by the increase in current density. The power density begins to decrease when the cell voltage decreases with an accelerating rate.
Electrochemical Characteristics.

Analysis of Axial Variations in the Cell
Variables. The temperature, current, heat flow, and component concentration profiles along the cell length are shown in Figs. 9-12. As described in Sec. 2.3, the single fuel cell along the X-axis is divided into a number of elements. Simulations based on the described model were performed in VTB to obtain results from each cell. The results presented in this section are curve fit of the discretized results obtained from VTB. Figure 9 presents axial variations of temperature profiles of the fuel, solid part, air in reaction, and preheated air along the cell length. The observations from the figure are listed as follows.
• The temperature difference between the fuel and solid part is small, which is determined by the fuel mass flow rate and the convection heat transfer coefficient.
• The temperatures of fuel, solid part, and air in reaction initially increase and then decrease along the length. The reason for the initial temperature increase is the heat generated from chemical reactions and electrical resistance is bigger than the heat absorbed by the preheated air; this is because of the fact that the temperature difference between the preheated air and the air in reaction is very low at the inlet. The inlet air temperature at the exit section of cell is so low that the effect of heat absorbed by inlet air overcomes the heat generation inside of the solid part. Therefore, the temperatures start to decrease. • As already shown in Fig. 3 , the flowing direction of the preheated air is reverse to that of fuel and air in reaction, giving rise to uniform temperature profiles along the cell length. As shown in Fig. 9 , the difference between the maximum and minimum temperatures is below 170 K.
• An interesting feature observed in Fig. 9 is the crossing of the temperature lines for the reaction air and the preheated air. This happens as the temperature difference between the two goes to zero; in fact, the preheated air does not gain any heat from the reaction air up to this point in the cell, rather it heats the reaction air for a small portion of the axial direction. Figure 10 shows the current density profile along the cell length. The cell voltage is affected by temperatures as well as by the species concentrations. Because the effect of the decrease in irreversible losses due to temperature increase dominates the influence of the decrease in species concentration, the current density mainly depends on the cell temperature under the assumption of equivalent cell voltage at each element. Similar to the trend seen in the temperature profile of the solid part, the current density initially increases and then decreases along the cell length. Figure 11 shows the profiles of heat transfer between control volumes along the cell length. Under the normal condition, the heat generated from chemical reactions and electrical resistance is absorbed by fuel and air in reaction, and a portion of the heat energy absorbed by air in reaction is transferred to the preheated air. However, as mentioned earlier, for the first two elements, the situation is different because the temperature of preheated air is about 200 K higher than that of the directly-supplied-inlet fuel. As a result, not only heat generated within the solid part is transferred to the fuel control volume but some of the heat energy of air in reaction along with the preheated air is transferred to the fuel due to the large temperature difference. As a result, a negative value of the heat flow Q ar and Q ap occurs for the first two elements. Similar results could be expected for the last three elements, where a big temperature difference exists because of the relatively very low inlet air temperature, and this time the negative heat transfer is from the fuel. Figure 12 shows concentration profiles of gas species CH 4 , H 2 , and H 2 O along the cell length. The observations from the figure are listed as follows.
• The CH 4 concentration decreases along the cell length.
Nearly all the CH 4 is consumed at the end of the cell length.
• The H 2 concentration initially increases and begins to decrease from the third element. This is because, for the first two elements, the amount of H 2 generated from shifting and reforming reactions is bigger than that is consumed by elec- Transactions of the ASME trochemical reaction. From the third element, the amount of H 2 consumed by electrochemical reaction exceeds the amount that is generated, which makes the H 2 concentration go down from after the first 30% of the length.
• For H 2 O, the initial decrease in the first element is due to the fact that the amount of H 2 O generated in electrochemical reaction is larger than the amount consumed in the reforming and shifting reactions. With less and less CH 4 and CO left along the cell length, H 2 O concentration begins to increase from the second element because of the weaker reforming and shifting reactions.
Dynamic Behavior.
As mentioned earlier, the simulation model developed can dynamically be run; parameters can be changed during the actual simulation and effect of such changes can be studied in real time. The dynamic behavior of SOFC model is investigated via the following three cases:
• start-up • a step decrease in 10% in load resistance at 17.136 s after the start-up • a step decrease in 20% in air mass flow rate at 20.8 s from the start-up All the following figures are obtained from VTB simulation result plotting directly with Y-axis representing the characteristic concerned while the X-axis is time in seconds. Figures 13͑a͒ and 13͑b͒ show the electrical power output ͑W͒ for the SOFC stack and H 2 molar flow rate ͑mol/s͒ at the cell outlet. Based on the model simulation, it takes about 9 s for the SOFC to reach steady state. It can be mentioned here that the model assumes that the stack temperature is at a preset value when the simulation starts. Therefore, in the present case, the start-up time does not represent a true cold start.
Figures 14͑a͒-14͑d͒ show response of the power output ͑W͒, cell voltage ͑V͒, and H 2 flow rate ͑mol/s͒ at the outlet and outlet temperature ͑K͒ for the SOFC stack in the case of a 10% step decrease in the load resistance. The flow rates of fuel and air are assumed to be constant in this simulation. A quantitative response to load change is described in Table 5 . It is noticed that the response of power and voltage exhibits a relatively faster and larger change due to the fast readjustment of the electrochemistry and then a relatively slower and smaller change following due to the combined effects of thermal response times and material residence. Figures 15͑a͒-15͑d͒ show response of the power output, cell voltage, H 2 flow rate at the outlet, and the outlet temperature for the SOFC stack in the case of a step decrease in 20% in the air mass flow rate. The flow rate of fuel is assumed to be constant in this simulation. A quantitative response to load change is described in Table 5 . The decreased air flow rate results in an increase in cell temperature. The effect of temperature increase is partly counterbalanced by the effect of decreased oxygen concentration. Therefore, the responses of voltage, power, and H 2 outlet flow are not as pronounced as in the load resistance change case.
Conclusion
A one-dimensional, dynamic SOFC model, based on the electrochemical and thermal modeling, has been successfully developed and simulated in the VTB simulation tool. A better prediction 14 The effect of load resistance step decrease 10%; "a… power "W… response due to the load resistance step decrease, "b… voltage "V… response due to the load resistance step decrease, "c… H 2 flow rate "mol/s… due to the load resistance step decrease, and "d… temperature "K… response due to the load resistance step decrease Load resistance −10% 2.68% −4.03% −21.1% 6.25% Air flow rate −20% −1.63% −0.78% −0.4 6.67% Fig. 15 The effect of air flow rate step decrease 20%; "a… power "W… response due to the air flow rate step decrease, "b… voltage "V… response due to the air flow rate step decrease, "c… H 2 flow rate "mol/s… due to the air flow rate step decrease, and "d… temperature "K… response due to the air flow rate step decrease
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